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Abstract 
Wing flutter analyses are carried out by a newly developed flow solution method using high-order flux reconstruction approach. 
The significance steps to be achieved are the moving boundary/moving grid technique in high-Reynolds number flows. The k-ω 
turbulence model is implemented for the objectives. The method is first validated by a forced oscillation and then fluid-structure 
coupled flutter simulations are carried out in subsonic flows. The predicted flutter boundary well agreed with previous numerical 
studies. It is found that 3rd - and 4th -order spatial accuracy produces almost the identical results in the presented cases, while the 
viscous effects the flutter boundary. Preliminary results in transonic flow with shock waves are also included.
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1. Introduction 
     It’s well said that an aircraft design is to find the best compromise among multidiscipline engineering. Demands 
for a lightweight and high-speed aircraft inherently increase the effects of the fluid-structure interaction, or, 
aeroelasticity. Flutter phenomena are critically important among aeroelastic problems for the safety of aircrafts since 
the self-excited oscillations can cause a fatal damage. Both wind-tunnel experiments and numerical simulations have 
been used to predict the flutter. But the flutter experiments are not routinely conducted as static aerodynamic 
measurements due to extra difficulties in terms of cost or limited range of fluid-structure parameter. Reliable 
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numerical approaches that can replace more parts of experiments are then necessary. 
    In the numerical computations, we need to solve fluid-structure interaction problem. Computational fluid 
dynamics (CFD) is the key to enhance the accuracy, since the dynamic stability of the structural responses are 
judged by the growth of the small deformations, which are supposed to be accurately simulated by the linear finite 
element method (FEM). The flux reconstruction (FR) approach [1,2] is one of newly high-order accurate CFD 
method. This method is applicable to unstructured hexahedral grids and high adaptability to complex geometries is 
expected. Recent progress of the new method is to include moving and deforming grid problems while satisfying 
free-stream preservation [3]. We further developed a turbulence model by the FR approach for Reynolds-averaged 
Navier-Stokes simulations [4]. In the present study, two-dimensional airfoil flutters are numerically simulated by the 
new code that integrates the method features, along with the bending-torsion two-degrees-of-freedom structural 
model. We mainly focus on subsonic flutter calculations and validate the results by comparing the experiments. A 
preliminary study in a transonic regime is also shown. 
2. Numerical method 
2.1. Flow solution method by the flux reconstruction scheme with moving boundaries 
The 2D Navier-Stokes equations with the k-ω turbulence model are expressed by the following equation. 
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It is a system of 6 conservation laws of mass, x- and y-momentum of the flow, total energy, turbulent kinetic energy 
and the specific dissipation rate. The working variable of  is used in the last equation instead of the original 
dissipation rate ω, which is proposed by Bassi et al[5]. It enhances the numerical stability for high-order accurate 
schemes since ω varies by several orders of magnitude from the wall to the freestream. 
     We employ an iso-parametric mapping to transform the fully-conservative equations from the physical domain 
onto a computational domain. The computational domain is represented by a standard square element -1<ξ, η<1 and 
a pseudo time τ. The mapping is defined as follows, with the shape function M, 
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where K is the number points defining the quadrilateral element. Using the Jacobian matrix for the mapping, 
),,(),,(1 yxtJ ∂ηξτ∂=− , Eq. (1) is written in the following form. 
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Instead of using the strong conservation form above, we rearrange it as, 
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which obviously preserve freestream on moving/deforming grids. Detailed discussion and validations are given in 
Ref. [3]. 
˜ ω = lnω
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     The essence of the flux reconstruction (FR) approach is given below, which is originally proposed by Huynh 
[1][2] and the equivalence to the discontinuous Galerkin method is proved. The 2nd through 4th terms in the left hand 
side of Eq. (4) corresponds to the ξ∂∂Fˆ  in Eq. (3). The ξ-derivative of the transformed flux ˆ F  is evaluated in the 
FR as, 
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where N is the number of added ‘solution points’ in each computational cell in each direction to construct the 
Lagrange polynomial of degree N-1, thus N nominally corresponds to the spatial order of accuracy. The φ j  is the 
Lagrange bases, ˆ F 0 / N +1 are transformed fluxes extrapolated to the cell boundaries and calculated as below, 
Fˆ0/N+1 = ( J ξx )0/N+1 Fj ⋅ϕ j (∓1)
j=1
N
∑ + ( J ξy )0/N+1 Gj ⋅ϕ j (∓1)
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∑ , 
the ˜ F L / R
com  are the common interface numerical fluxes at the left/right boundary of the cell, finally, the gL /R  are the 
left/right correction functions of degree N. In this study, the locations of the solution points are Gauss points and the 
selected correction function is Radau polynomial, which corresponds to the nodal discontinuous Galerkin 
method[1][2]. The ˜ F L / R
com
 
are determined by the Simple High-resolution Upwind Scheme (SHUS) which is one of 
Advection-upstream Splitting Methods (AUSM) for the inviscid numerical fluxes and the Bassi-Rebay 2nd (BR2) 
scheme is used for the viscous fluxes. 
  For the time-advancement scheme, a 2nd-order time accurate implicit LU-SGS[6] is used. 
2.2. Aeroelastic simulation method  
The system of flutter is modelled by a bending-torsion two-degrees-of-freedom. The equation of motion can be 
written by using non-dimensional form as  
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α is the pitching angle, xα and rα2 are the static unbalance and the squared radius of gyration, respectively, ωh and ωα 
are the natural angular frequencies of the tension and torsion spring, respectively, and V* is the non-dimensional 
velocity called flutter speed index defined as V* =U∞/b√μ with the semi-chord length b and the airfoil to mass ratio  
μ . 
FxTiiii =+ ξωξ 2    (8) 
The above ordinary differential equation (6) was normalized by modal method and converted to the formula (8).  
Crank-Nicolson method was used to solve the transformed equation. For solving fluid-structure interaction problem, 
weak coupling method was used to utilize FR method effectively. 
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3. Results and discussions 
In this section, two-dimensional flow simulations are shown under forced oscillations or fluid-structure coupled 
oscillations. In all the simulations below, the airfoil is NACA 64A010, which has been widely used in previous 
studies. Experimental results are available for forced oscillations[7]  and, on the other hand, the flutter conditions 
with 2-degrees-of-freedom structural model known as Isogai’s test case[8] are well tested by numerical benchmark 
problem. The computational grids are shown in Fig. 1. Figure 1 (a) is a ‘base grid,’ Fig. 1 (b) also shows added 
internal solution points for the 2nd-order accuracy, or polynomial degree 1 and N=2 in Eq. (5), and Fig. 1 (c) for the 
3rd-order accuracy, or polynomial degree 2 and N=3. 
 
           
                                  (a)Base grid (O-topology)             (a) 2nd-order solution points            (c) 3rd–order solution points 
Fig. 1. Computational domain 
3.1. Forced pitching oscillation 
A forced pitching oscillation wing in a subsonic flow is simulated to validate the developed FR scheme. 
Calculation condition is the same as the experimental condition of CT1 in Ref. [7]. The Mach number is 0.49 and 
the Reynolds number is 2.51×106. The pitch center locates 23.3% cord length behind of the leading edge. The 
pitching amplitude is set as α=αm+α0 cos(ωt), where α0 =0.96° and αm=-0.01°, respectively. The reduced frequency 
normalized by freestream velocity and half-chord length is k=0.1. Only the 2nd-order accurate simulation was carried 
out for the validation case. Starting from an initial steady solution, completely periodic flow was obtained after 
several cycles of the forced oscillations. Fourier analysis was carried out to quantitatively compare the unsteady 
pressure on the airfoil with the experiment. Unsteady pressure at each location is expressed as, 
Cp(x/c,t)= Cp0 (x/c)+(Re(Cp1(x))cos(ωt)-Im(Cp1(x))sin(ωt)), 
where Cp0 is the zero harmonic, or the steady part of pressure coefficients, while Re(Cp1(x)) and Im(Cp1(x)) are the 
real and imaginary part of the first harmonic. Figure 2 (a) shows the steady upper surface pressure coefficient at 
mean incidence angle and Fig. 2 (b) shows upper surface magnitude of first harmonic of pressure coefficient of one 
cycle. In both graphs, the calculation results show quite good agreements with experimental data. The validity of the 
newly developed unsteady FR method in a subsonic viscous flow was demonstrated. 
 
            
                         (a) Surface pressure distribution at mean angle                          (b) First harmonic magnitude 
Fig. 2. Pressure coefficient data (upper surface) 
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3.2. Fluid-structure-coupled flutter analysis in a subsonic flow 
 Subsonic flutter calculations have been conducted. Test case of Isogai[8] was used as calculation condition for 
flutter simulations. This case has been widely numerically investigated. The parameters are, xα = 1.8, rα2 = 3.48, ωh/ωα 
= 1.0 and μ =60.0. The elastic axis is positioned half a chord length ahead of the leading edge. The flutter boundary 
is explored on the plane of freestream Mach number vs. speed Index (V*) as shown below. One of the most 
systematic data base for this flutter model is the work in Ref. [9] and we refer the results to validate the present 
results. Freestream Mach number is fixed to 0.65 and four cases of flutter index:V*=1, 1.5,1.6, 1.7 were simulated 
for inviscid and viscous cases. Reynolds number is set to 6.6×106 for viscous cases. 
Figure 3 (a) and (b) show the responses of the structure (plunge h/b and pitch angle alpha) for 3rd-order inviscid 
cases. The speed indices are V*=1.5 in Fig. 3 (a) and V*=1.6 in Fig. 3 (b), respectively. Fluid-structure coupled 
simulations are carried out after one-cycle of a forced pitching oscillation. In Fig. 3 (a), the amplitudes gradually 
decrease and it means the flutter does not occur at this condition. While in Fig. 3 (b) the amplitude gradually 
increases and thus, the increase in V*  results in unstable responses. 
 
         
                                       (a) V*=1.5                                                                              (b) V*=1.6 
Fig. 3. Time-histories of plunge & pitch motions (inviscid case) 
           
                                       (a) V*=1.5                                                                             (b) V*=1.6 
Fig. 4. Comparison of spacing accuracy (inviscid case) 
 
Fig. 5. Flutter boundary in Ref.[9] 
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  The 4th-order accurate inviscid simulations are then carried out by preparing the interpolated initial solution from 
the 3rd-order to the 4th-order solution points.  Figure 4 (a) and (b) show the comparisons of the pitch angles for both 
accuracies. The results are almost identical in the figures and we can say grid-converged results are obtained for the 
inviscid cases. The boundary is located between V* of 1.5 and 1.6 and it agrees with Ref [9] as shown in Fig. 5. 
Viscous turbulent cases are next simulated for the same conditions. We encountered a severe restriction of 
numerical stabilities for the 4th-order simulations for the viscous cases and up to 3rd-order simulations are shown 
here. Figure 6 (a) shows the case of V* = 1.6 at M=0.65 and Re=6.6×106 at the 2nd-order accuracy. Unlike Fig. 3 (b) 
and Fig. 4 (b), the plunge and pitching motions are gradually damped. As for the case of V* = 1.7 in Fig. 6 (b), the 
amplitudes gradually grows. The results indicates that the flutter boundary is raised to higher V* and stable region 
extends. The results again correspond to Ref. [9] where the Spallart-Almaras turbulence model was used. Figure 7 
shows the comparison between the 2nd and 3rd order accuracies. The difference is small thought it is slightly larger 
than that shown in Figs. 4 (a) and (b). It is expected that the 4th-order simulation will produce closer results to the 
3rd-order case and we can say the spatial accuracy for the simulated case does not affect the flutter boundary. Figure 
8 shows the pressure contours at the maximum displacement for V* = 1.7. The amplitude is small and flow is 
attached to the airfoil surface. The spatial accuracy might have higher impact for larger deformations with flow 
separations. 
 
          
                                                      (a) V*=1.6                                                                              (b) V*=1.7 
Fig. 6. Time-histories of plunge & pitch motions (viscous case) 
                      
Fig. 7. Comparison of spacing accuracy (V*=1.6, viscous case) 
                                      (a) h/b=0.0,   alpha=0.0[rad]                          (b) h/b= 0.00520   alpha= 0.00823 [rad]                     
Fig. 8. Pressure contour (V*=1.7, viscous case )  
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3.3. Towards a transonic flutter analysis 
A forced pitching oscillation of NACA 64A010 in a transonic flow with shock waves is simulated as a 
preliminary result towards transonic flutter predictions. Calculation condition is the same as the experimental 
condition of CT6 in Ref. [7]. The Mach number is 0.8 and the Reynolds number is 12×106. The pitch center locates 
25% cord length behind of the leading edge and the pitching amplitude is α=1° with the reduced frequency of 
k=0.202. The same O-grid as in the previous section (Fig.1) was used and the calculation has been conducted by the 
2nd order accuracy. A steady solution is first obtained at the angle of attack = 0°. Figure 9 (a) and (b) show Mach-
number contour plots and the pressure coefficients on the wing, respectively. We found that the 2nd-order 
(polynomial degree 1) flux reconstruction scheme using the SHUS at the cell-interface Riemann solver and 
employing a turbulence model can capture transonic shock waves without special technique such as limiter 
functions. The agreement of the pressure coefficient including the position of the shock wave is excellent. Unsteady 
calculation of a forced oscillation was then conducted. Figure 10 (a) and (b) present lift- and moment-coefficient 
histories during one cycle after reaching a periodic flow. The lift is quite well predicted by the simulation. The 
magnitude of the moment coefficient is about 1/10 of the lift and similar discrepancy in Fig. 10 (b) is also found in 
the simulation in Ref. [9]. 
 
                                                    (a) Mach number contour                                                                       (b) Surface pressure distributions 
                                                                                                                                                                                        at α=-0.21[deg] 
Fig. 9 . Steady solutions.  
                  
               (a) lift-coefficient                                                                (b) moment-coefficient 
Fig. 10. Time histories of lift and moment coefficients. 
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4. Conclusion 
    An unsteady CFD code using the Flux Reconstruction scheme for the RANS equations with the k-w turbulence 
model has been developed to predict wing flutter problems. The analyses were focus on Mach number of 0.65. We 
have successfully captured flutter boundaries both by inviscid and viscos flow simulations. We found the viscous 
effects suppress the unsteady response of the structure compared with the inviscid cases. The predicted flutter 
boundaries agreed well previous simulations in the references. In the simulated cases, spatial accuracies did not have 
large impact on the flutter boundary, although a slight difference in the structural displacement have been observed. 
    In a transonic range, unsteady flow solution around forced pitching airfoil was conducted. The result shows the 
developed method at 2nd-order spatial accuracy can capture shock wave properly without special technique such as 
limiter functions. Both steady and unsteady results well reproduced the experiments and it will be directly used for 
flutter analysis. Further research target will be higher-order simulations at transonic flows. 
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